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Abstract 

Due to the recent renewal in the interest for embedded surfaces we pro- 
vide a list of commented references of interest. 



Introduction 

The idea that our space-time can be considered as a four-dimensional 
space embedded in a higher-dimensional flat space is an old and recursive 
one. Recently, due to a proposal by Randall and Sundrum this idea has 
again attracted much attention. Since several related ideas had already 
been studied and several results had been obtained in the past we have 
considered convenient to provide a full account of the existing results on the 
subject. 
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The choice of the references included in this letter is selective and has 
been dictated by some simple criteria. We have included only articles pub- 
lished on wide circulation journals and books, etc., except when they are 
of exceptional relevance or they has a historical character. We do not in- 
clude electronic publications which have not passed a refereeing procedure. 
A simple search at SPIRES gives more than 1200 references containing the 
words brane, membrane, etc. Other criterion for inclusion in this letter is 
that the article made use of extrinsic Riemannian geometry. 

A. The Geometry of Embeddings 

The concept of an abstract Riemannian manifold arises in mathematics 
as the result of an evolution in mathematical attitudes. In the earlier period, 
geometers thought of more concretely of curved surfaces embedded in a flat 
Euclidean space (Gauss, 1827), i.e., they described the geometry of surfaces 
as embedded in a higher-dimensional space. The concept of an abstract 
Riemannian manifold, defined intrinsically, was first explicitly formulated 
by Riemann in his famous, althought little read, thesis, in 1850 (published 
only in 1868). In that work, what it is today known as Riemannian geometry 
was introduced. The geometrical properties of a manifold were characterised 
only by intrinsic properties, without any need of a reference to a higher 
dimensional embedding space. 

Almost inmediately after this abstract view came into favour, a ques- 
tion naturally arose: the isometric embedding problem: The question of the 
existence of concrete realisations of abstract Riemannian manifolds as sub- 
manifolds of higher dimensional Euclidean spaces. Today we know that the 
answer is yes: any intrinsically defined Riemannian manifold can be isomet- 
rically embedded, locally and globally, in an Euclidean space of appropriate 
dimension and signature. The works cited in this section are mainly oriented 
to establish this equivalence. 

The embedding problem was first considered by Schlafli (1873) just after 
the publication of Riemann work. He discussed the local form of the embed- 
ding problem and he conjectured that a Riemannian manifold with positive 
defined and analytic metric can be locally and isometrically embedded as a 
submanifold of a Euclidean space En with N = n(n + l)/2. 

In 1926 Janet described a method of proof based on a power series de- 
velopment, so it was limited to local results. Furthermore, he required the 
metric to be analytic. This proof however, as Janet himself noticed, was in- 
complete. He solved only the local problem for two-dimensional manifolds 
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with analytic metric. In 1927 E. Cartan extended the Janet's proof to n— 
dimensional manifolds treating it as an application of his theory of Pfaffian 
forms. The dimensionality requirement was N = n(n + l)/2, as conjectured 
by Schlafli. 

In 1931 Burstin completed the Janet's proof and also extended it to 
the case in which the embedding space is a given Riemannian manifold 
Vjv with positive defined and analytic metric. The Gauss-Codazzi-Ricci 
equations are conditions to be satisfied by the embedding, therefore, they 
can be considered as integrability conditions for the embedding. In 1956 
Leichtweiss gave a new proof based more substantially than Burstin in the 
Gauss-Codazzi-Ricci equations of Riemannian geometry. His proof is more 
involved than that provided by Burstin. In 1961 Friedman extended the 
theorem to Riemannian manifolds with indefinite metrics, such as the space- 
time used in contemporary gravitational theories. For semi-positive definite 
metrics see (Lense, 1926). 

The first global isometric embedding theorem of V n into En were es- 
tablished by Nash (1956). The results depend crucially on the compactness 
of V n . For V n compact he obtains N = n(3n + ll)/2; for non-compact 
manifolds N = n(n + l)(3n + 11) /2. The first global results for indefinite 
metrics were obtained by Clarke (1970) and Greene (1970). Recently, an 
improvement on Nash theorem was presented by Gunther (1989). 

We may therefore conclude that any intrinsically defined Riemannian 
manifold has a local and a global, isometric embedding in some Euclidean 
space. Then one can consider the two approches, intrinsic and extrinsic, to 
Riemannian geometry as completely equivalent. 

This result opened new perspectives in theoretical physics, mainly in the 
physics of the gravitational field. On the one hand it was considered as a 
mathematical tool to construct and classify solutions of General Relativ- 
ity. On the other hand, it allows to introduce new variables, perhaps more 
amenable for a description of quantum mechanical phenomena. 

It is clear that some manifolds can be embedded in a higher dimensional 
space with a dimension lesser tahn the requirement fixed by the embedding 
theorem. Therefore, it is convenient to introduce the concept of class of the 
embedding, which is the minimal number of extra dimensions necessary to 
satisfy the Gauss-Codazzi-Ricci equations. 

B. Applications to General Relativity 

At the beggining of the XX century General Relativity was developed 
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(by Einstein) based on Riemannian geometry. Almost inmediately exact 
solutions were obtained based on the use of extrinsic geometry (Kasner, 
1921). Several other results are contained in the references. A particularly 
important result is that Fridman-Robertson-Walker-Lemaitre spaces are of 
embbeding class one (Robertson, 1933). 

C. Results Related to the Class of the Embedding 

In this section we list several articles containing results specifically re- 
lated to the class of the embedding of relevance for general relativity. Some 
articles containing results related to the class of the embedding but other 
more general results has already been listed in A or B. They are divided 
in: class 1; class 2; spherically symmetric fields (class 2); embedding of the 
Schwarzschild solution; and spherically symmetric fields of class 1. 

D. Extrinsic Gravity 

Since the pioneer work of Sakharov in 1966, several attempts have been 
done in order to incorporate the concept of bending of space-time in gravi- 
tational theories. One way of doing this is by considering space-time as em- 
bedded in a higher-dimensional space. In this case the concept of bending 
has an inmediate geometric visualisation. The first attempt in this direction 
seems to be due to Regge and Teitelboim (1976). The idea was later revived 
by Pavsic in the eighties, and by Maia and Tapia in 1989. 

E. Strings and Membranes 

During the 80's there was a good lot of work on string theories. Since the 
string is a (1-dimensional) geometrical object living in a higher-dimensional 
space the use of embedding should be an inmediate tool. However, even 
when the main developments in strings were in other directions there was 
also some work dealing with the geometrical, embedding, aspects of strings. 
Several proposals were done using embeddings and generalisations to other 
higher-dimensional (membranes) objects were studied. 

F. Rigid Particles and Zitterbewegung 
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The Dirac equation gives rise to the phenomenon of zitterbewegung 
(Schrddinger, 1930). Soon after that, it was realized that this motion can be 
explained by a helical motion of the electron (Huang, 1952; Corben, 1961). 
Later on, it was discovered that a helical motion can be described by an ac- 
celeration dependent Lagrangian (Liebowitz, 1969; Riewe, 1971, 1972). The 
relativistic generalizations making use of embedding geometry are many and 
are listed in this section. 

G. New Brane World 

A different approach to considering our universe as embedded in a higher- 
dimensional flat space was developed mainly by Akama (1978, 1983). A 
similar approach was pursued by Pavsic (1994,1996,1997,1998), who, in ad- 
dition, proposed a model in which massive matter on the brane is due to the 
intersections with other branes (Pavsic, 1986). Recently the idea that our 
universe is a 3-brane moving in a higher dimensional space has been revived, 
but this time as a consequence of developments in other areas, mainly in 
string theory, M-theory and the like, with the proposal due to Randam 
and Sundrum (1999). The analysis of the Randam and Sundrum model in 
geometrical terms is discussed in (Anchordoqui, 2000). 
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